Generalized Birkhoff theorem in the Poincar\'e gauge gravity theory by Obukhov, Yuri N.
ar
X
iv
:2
00
9.
00
28
4v
1 
 [g
r-q
c] 
 1 
Se
p 2
02
0
Generalized Birkhoff theorem in the Poincare´ gauge gravity theory
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The analysis of the validity of Birkhoff’s theorem about the uniqueness of the spherically sym-
metric solution of the gravitational field equations is extended to the framework of the Poincare´
gauge gravity theory. The class of models with the most general Lagrangians of the Yang-Mills
type constructed from all possible quadratic invariants of the curvature and the torsion is consid-
ered, including both parity-even and parity-odd sectors. We find the models in which the weak and
strong versions of the generalized Birkhoff theorem are valid, by making use of the double duality
technique.
PACS numbers: 04.20.Cv,04.50.Kd,04.20.Jb
I. INTRODUCTION
Spherically symmetric solutions are of particular in-
terest in field-theoretic models. In the general relativity
(GR) theory, the Schwarzschild metric is a unique solu-
tion of Einstein’s gravitational field equations under the
assumption of a spherical symmetry of spacetime and
matter source distribution. This remarkable theoretical
result is known as the Birkhoff theorem, although it was
first demonstrated independently by Jebsen [1], Eiesland
[2], and Alexandrow [3] well before a better known publi-
cation of Birkhoff [4]. The validity of this theorem is very
important, in particular, in view of the fact that the fun-
damental gravitational experiments in our Solar system
are perfectly consistent with the Schwarzschild geometry.
For historic overview one may read [5, 6].
In Einstein’s GR with the vanishing cosmological con-
stant, the classic Birkhoff theorem states that the only
locally spherically symmetric solution of the vacuum
gravitational field equations in four dimensions is the
Schwarzschild metric. When the cosmological constant
is nontrivial, the Birkhoff theorem is extended to the
statement [7, 8] that the only locally spherically sym-
metric solution of Einstein’s equations in vacuum is ei-
ther the Schwarzschild-(anti)de Sitter metric (first ob-
tained by Kottler [9]) or the Nariai [10] (Bertotti-Kasner
[11, 12]) spacetime.
Later the validity of the generalized Birkhoff theorem
was established [13–23] for nonvacuum case, for GR in
higher dimensions and for a wide variety of alternative
gravitational theories (including the conformal, Lovelock,
Gauss-Bonnet, Horˇava, F (R), and teleparallel models).
Here we discuss the Poincare´ gauge (PG) gravity the-
ory which offers a physically meaningful extension of Ein-
stein’s GR to the case when the spin of matter is in-
cluded as a source of the gravitational field along with
the mass of matter [24–29]. The canonical spin and
the energy-momentum currents [30] underlie the corre-
sponding gauge scheme as the Noether currents for the
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Poincare´ group G = T4 ⋊ SO(1, 3) which is the semi-
direct product of the 4-parameter group T4 of spacetime
translations and the 6-parameter local Lorentz group
SO(1, 3). In the framework of the consistent Yang-Mills-
Kibble-Utiyama field-theoretic approach, the Poincare´
gauge potentials are identified with the coframe 1-form
ϑα = eαi dx
i (“translational potential” corresponding to
the T4 subgroup) and the local Lorentz connection 1-
form Γαβ = −Γβα = Γi
αβdxi (“rotational potential”
corresponding to the SO(1, 3) subgroup) which give rise
to the Riemann-Cartan geometry on the spacetime man-
ifold [31–33].
We focus here on the analysis of the class of Poincare´
gauge gravity models based on the general Lagrangians
of the Yang–Mills type constructed from all possible
quadratic invariants of the curvature and the torsion. In
contrast to GR, a spherically symmetric solution is not
unique in a general quadratic PG gravity theory. How-
ever, certain classes of models do admit the generalized
Birkhoff theorem which can be formulated as follows: the
torsion-less Schwarzschild (Kottler, in general) spacetime
is a unique vacuum spherically symmetric solution of the
vacuum Poincare´ gauge field equations.
This generalized Birkhoff theorem is available in two
versions. In the strong version, the spherical symmetry
is understood as the form-invariance of physical and ge-
ometrical variables under the SO(3) group of rotations,
whereas in the weak O(3) version one assumes the in-
variance under the rotations and spatial reflections. The
earlier work was confined to the parity-even Lagrangians
only [34–41].
Following the lines of [41], we now extend the consider-
ation and generalize the class of quadratic PG models to
include the parity-odd sector. In the recent times, there
is a growing interest to such interactions [41–47]. Quite
generally, there are no convincing experimental evidence
or compelling theoretical arguments which could rule out
the violation of parity in gravity. On the contrary, the
discovery of P and CP nonconservation in the weak in-
teraction processes [48] had stimulated considerable ef-
forts in the experimental search for the electric dipole
moments of elementary particles [49], and the possibility
2of extending the gravitational Lagrangian by parity odd
terms has been proposed already in the mid of 1960’s
[50]. Later such extensions were widely studied in the
context of the classical and quantum gravity theory [51–
53], in particular in Ashtekar’s approach and loop quan-
tum gravity [54, 55]. Moreover, the inclusion of parity-
nonconserving terms appears to be important for the dis-
cussion of such fundamental physical issues as the baryon
asymmetry of the universe (predicted by Sakharov [56]),
where the parity odd terms can be induced by the quan-
tum vacuum structure [57–59].
In order to make the discussion as transparent as possi-
ble, all the physical and geometrical objects related to the
parity-odd sector (such as coupling constants, irreducible
pieces of the curvature and the torsion, etc.) are marked
by an overline, to distinguish them from the correspond-
ing parity-even objects. Other basic notation and con-
ventions are consistent with [31, 32]. In particular, Greek
indices α, β, · · · = 0, . . . , 3, denote the anholonomic com-
ponents (for example, of a coframe ϑα), while the Latin
indices i, j, · · · = 0, . . . , 3, label the holonomic compo-
nents (e.g., dxi). The anholonomic vector frame basis eα
is dual to the coframe basis in the sense that eα⌋ϑβ = δβα,
where ⌋ denotes the interior product. The volume 4-form
is denoted by η, and the η-basis in the space of exterior
forms is constructed with the help of the interior prod-
ucts as ηα1...αp := eαp⌋ . . . eα1⌋η, p = 1, . . . , 4. They are
related to the ϑ-basis via the Hodge dual operator ∗, for
example, ηαβ =
∗(ϑα ∧ ϑβ). The Minkowski metric is
gαβ = diag(c
2,−1,−1,−1). For exterior forms ω of vari-
ous type (which in general may carry extra anholonomic
indices) we use the standard notation for the Lie deriva-
tive Lξω = d(ξ⌋ω) + ξ⌋(dω) along a vector field ξ.
II. POINCARE´ GAUGE FIELD EQUATIONS
The torsion 2-form Tα = Dϑα = dϑα + Γβ
α ∧ ϑβ
can be decomposed into the 3 irreducible parts, whereas
the curvature 2-form Rαβ = dΓαβ + Γγ
β ∧ Γαγ has 6
irreducible pieces. Their definition is presented in Ap-
pendix A. These irreducible parts of the Poincare´ gauge
field strengths are the building blocks for constructing the
Yang-Mills type Lagrangian of the gravitational field.
The general quadratic model is described by the La-
grangian 4-form that contains all possible linear and
quadratic invariants of the torsion and the curvature:
V =
1
2κc
{(
a0ηαβ + a0ϑα ∧ ϑβ
)
∧Rαβ − 2λ0η
−Tα ∧
3∑
I=1
[
aI
∗((I)Tα) + aI
(I)Tα
]}
−
1
2ρ
Rαβ ∧
6∑
I=1
[
bI
∗((I)Rαβ) + bI
(I)Rαβ
]
. (1)
The structure of quadratic part of the Lagrangian is
specified by the set of coupling constants: ρ, a1, a2, a3,
b1, · · · , b6 and a1, a2, a3, b1, · · · , b6. In the parity-odd
sector, not all constants are independent because some
of terms in (1) are the same [29], and accordingly we
have to put a2 = a3, b2 = b4 and b3 = b6. The coupling
constants aI , aI , bI and bI are dimensionless, whereas
the dimension [ 1
ρ
] = [~]. By demanding the existence of
a macroscopic limit to GR, we identify κ = 8πG/c4 as
Einstein’s gravitational constant.
The Lagrangian (1) has a clear structure: the first line
encompasses the terms linear in the curvature, the sec-
ond line contains the torsion quadratic terms (all of which
have the same dimension of an area [ℓ2]), and finally the
third line contains the curvature quadratic invariants. For
completeness, the cosmological constant is included (with
the dimension of an inverse area, [λ0] = [ℓ
−2]). A special
case a0 = 0 and a0 = 0 describes the purely quadratic
model without the Hilbert-Einstein linear term in the
Lagrangian. Such models describe the microscopic grav-
itational phenomena which are naturally characterized
by the parameter
ℓ2ρ =
κc
ρ
(2)
with the dimension of an area [ℓ2ρ] = [ℓ
2]. In order to
provide a consistent macroscopic limit to Einstein’s GR
(that is solidly confirmed at the large distances), we as-
sume that a0 6= 0.
The vacuum Poincare´ gravity field equations are ob-
tained from the variation of the gravitational action
∫
V
with respect to the translational and rotational gauge
potentials:
Eα =
δV
δϑα
=
a0
2
ηαβγ ∧R
βγ + a0Rαβ ∧ ϑ
β − λ0ηα
+ q(T )α + ℓ
2
ρ q
(R)
α −Dhα = 0, (3)
Cαβ =
δV
δΓαβ
= a0 ηαβγ ∧ T
γ + 2a0 T[α ∧ ϑβ]
+2h[α ∧ ϑβ] − 2ℓ
2
ρDhαβ = 0. (4)
Here we introduced the 2-forms which are linear functions
of the torsion and the curvature, respectively, by
hα =
3∑
I=1
[
aI
∗((I)Tα) + aI
(I)Tα
]
, (5)
hαβ =
6∑
I=1
[
bI
∗((I)Rαβ) + bI
(I)Rαβ
]
, (6)
and the 3-forms which are quadratic in the torsion and
in the curvature, respectively:
q(T )α =
1
2
[
(eα⌋T
β) ∧ hβ − T
β ∧ eα⌋hβ
]
, (7)
q(R)α =
1
2
[
(eα⌋R
βγ) ∧ hβγ −R
βγ ∧ eα⌋hβγ
]
. (8)
3III. SPHERICALLY SYMMETRIC FIELDS IN
POINCARE´ GAUGE GRAVITY
The analysis of the validity of the generalized Birkhoff
theorem in PG is based on the appropriate ansatz for the
coframe ϑα and the local Lorentz connection Γαβ . Let us
choose the local coordinates xi = (t, r, θ, ϕ). The most
general spherically symmetric spacetime interval reads
ds2 = A2dt2 −B2dr2 − C2(dθ2 + sin2 θdϕ2), (9)
where A = A(t, r), B = B(t, r), C = C(t, r) are arbitrary
functions of time and radial coordinate.
This follows from the study of the invariance under
the action of the rotation symmetry group on the space-
time manifold. The corresponding infinitesimal motion
is generated by the vector fields
ξx = sinϕ∂θ +
cosϕ
sin θ
cos θ ∂ϕ, (10)
ξy = − cosϕ∂θ +
sinϕ
sin θ
cos θ ∂ϕ, (11)
ξz = − ∂ϕ, (12)
the commutators of which form the Lie algebra so(3) of
the rotation group. The form (9) of the line element
ds2 = gijdx
idxj is then fixed by demanding the invari-
ance of the metric under the action ξ : SO(3)×M →M
of the group SO(3) on the spacetime manifold M . Tech-
nically, the invariance condition means the vanishing of
the Lie derivative Lξ gij = 0 along the vector fields (10)-
(12). For more details see, e.g., [60–63].
The general spherically symmetric configuration of the
Poincare´ gauge fields is described by the coframe ϑα:
ϑ0ˆ = Adt, ϑ1ˆ = Bdr, ϑ2ˆ = Cdθ, ϑ3ˆ = C sin θdϕ, (13)
and the local Lorentz connection Γαβ :
Γ0ˆ1ˆ =fdt+ gdr, Γ2ˆ3ˆ =fdt+ gdr − cos θdϕ, (14)
Γ0ˆ2ˆ =pdθ − q sin θdϕ, Γ3ˆ1ˆ =pdθ − q sin θdϕ, (15)
Γ0ˆ3ˆ =p sin θdϕ+ qdθ, Γ1ˆ2ˆ =p sin θdϕ+ qdθ. (16)
The configuration for the local Lorentz connection en-
compasses the eight functions f = f(t, r), g = g(t, r),
p = p(t, r), q = q(t, r), and f = f(t, r), g = g(t, r),
p = p(t, r), q = q(t, r).
The Poincare´ gauge potentials (13) and (14)-(16) sat-
isfy the invariance conditions
Lξ ϑ
α =
(ξ)
λ β
α ϑβ , Lξ Γ
αβ = −D
(ξ)
λ
αβ . (17)
Here the Lie algebra-valued
(ξ)
λ αβ = −
(ξ)
λ βα parameter is
determined by vector fields which generate symmetries.
Explicitly, for the rotation symmetry (10)-(12) we have:
(ξx)
λ
αβ = 2
cosϕ
sin θ
δ
[α
2ˆ
δ
β]
3ˆ
, (18)
(ξy)
λ
αβ = 2
sinϕ
sin θ
δ
[α
2ˆ
δ
β]
3ˆ
, (19)
(ξz)
λ
αβ = 0. (20)
The Poincare´ gauge fields (13) and (14)-(16) represent
a general solution of the invariance conditions (17). Ob-
viously, these configurations are determined up to an ar-
bitrary local Lorentz transformation Λα
β = Λα
β(x) ∈
SO(1, 3) of the coframe, dual frame and connection
ϑµ → Λα
µϑα, eα → Λ
−1
α
µeµ, (21)
Γα
β → Λν
βΓµ
νΛ−1α
µ + Λµ
βdΛ−1α
µ, (22)
however, without loosing generality it is more convenient
to work with the diagonal coframe (13). For the trans-
formed configurations (21), (22), the Lie algebra valued
parameter
(ξ)
λ αβ is accordingly transformed.
It is important to notice that the general spherically
symmetric configuration (13) and (14)-(16) is only invari-
ant under the group of proper rotations SO(3), whereas
this configuration in not invariant under spatial reflec-
tions. This is manifest by the presence of parity-odd
terms with nontrivial functions f , g, p, q. For the thor-
ough discussion of reflections, see [63]. When in addition
to the pure rotations we demand also the invariance un-
der reflections, the symmetry group is extended to the
full rotation group O(3). Such an extension imposes an
additional condition on field configurations, which for-
bids parity-odd terms: f = g = p = q = 0. As a result,
the number of arbitrary functions in (14)-(16) is reduced
from eight to four.
There exists an alternative approach, in which the
symmetries are discussed directly for the tensor field
configurations such as the torsion and the curvature.
Our study is completely consistent with the latter, since
in view of the invariance condition (17) we straightfor-
wardly find, with ξ = ξi∂i,
Lξgij = (∂iξ
k) gkj + (∂jξ
k) gik = 0, (23)
LξΓki
j = (∂kξ
l) Γli
j + (∂iξ
l) Γkl
j − (∂lξ
j) Γki
l
+ ∂2kiξ
j = 0, (24)
for the metric gij = ei
αej
βgαβ and the world connection
Γki
j = eαi Γkα
β ejβ + e
α
i ∂k e
j
α. As a result, all the relevant
tensor fields constructed from the metric and connection
are automatically invariant: LξTki
j = 0, LξRkli
j = 0,
and so on.
Here we use a more fundamental approach, starting
from the gravitational field potentials.
IV. SPHERICALLY SYMMETRIC CURVATURE
AND TORSION
From the gauge gravitational potentials (13) and (14)-
(16) we can straightforwardly compute the Poincare´
gauge field strengths: the curvature (“rotational” field
strength) and the torsion (“translational” field strength).
As a preliminary technical step, it is convenient to divide
the anholonomic indices, α, β, . . . , into the two groups:
A,B, · · · = 0, 1 and a, b, · · · = 2, 3.
4Then for the components of the Riemann-Cartan cur-
vature 2-form we find
RAB = µϑA ∧ ϑB + µ ∗(ϑA ∧ ϑB), (25)
Rab = ν ϑa ∧ ϑb + ν ∗(ϑa ∧ ϑb), (26)
RAb = −RbA = UA ∧ ϑb + ∗(U
A
∧ ϑb), (27)
where we denoted
µ =
−f ′ + g˙
AB
, µ = 2
pp+ qq
C2
, (28)
ν =
p2 − p2 − q2 + q2 + 1
C2
, ν =
−f ′ + g˙
AB
, (29)
and introduced the 1-forms UA and UA with the compo-
nents
U 0ˆ =
p˙+ fq + f q
AC
ϑ0ˆ +
p′ + gq + g q
BC
ϑ1ˆ , (30)
U 1ˆ =
q˙ + fp− f p
AC
ϑ0ˆ +
q′ + gp− g p
BC
ϑ1ˆ , (31)
U 0ˆ =
− q ′ + gp+ gp
BC
ϑ0ˆ +
− q˙ + fp+ fp
AC
ϑ1ˆ, (32)
U 1ˆ =
p ′ − gq + gq
BC
ϑ0ˆ +
p˙− fq + fq
AC
ϑ1ˆ. (33)
Hereafter, the dot ˙ and the prime ′ denote derivatives
with respect to the time t and the radial coordinate r,
respectively.
Using these objects, we can construct the Yang-Mills
type quadratic curvature invariant
Rαβ ∧ ∗Rαβ = 2 (ν
2 − µ2 + µ2 − ν2) η
+4(UA ∧ ∗UA − U
A ∧ ∗UA). (34)
Raising and lowering of the indices is done with the
help of the corresponding effective two-dimensional met-
ric tensors which arise as the sub-blocks of the four-
dimensional Minkowski metric gαβ =
(
gAB 0
0 gab
)
:
gAB =
(
1 0
0 −1
)
, gab =
(
−1 0
0 −1
)
. (35)
Similarly, a direct computation yields for components
of the spherically symmetric torsion 2-form:
TA = ϑA ∧ (2V + T/3)− ∗(ϑA ∧ (2V + T/3)), (36)
T a = −ϑa ∧ (V − T/3) + ∗(ϑa ∧ (V − T/3)). (37)
Here we introduced the quartet of 1-forms
T = tAϑ
A, T = tAϑ
A, V = vAϑ
A, V = vAϑ
A, (38)
the components of which read explicitly as follows:
t0ˆ =
1
A
(
−
B˙
B
− 2
C˙
C
+ g
A
B
+ 2p
A
C
)
, (39)
t1ˆ =
1
B
(
−
A′
A
− 2
C′
C
+ f
B
A
− 2q
B
C
)
, (40)
t0ˆ = 2
g
B
+ 4
p
C
, t1ˆ = 2
f
A
+ 4
q
C
, (41)
and
v0ˆ =
1
3A
(
−
B˙
B
+
C˙
C
+ g
A
B
− p
A
C
)
, (42)
v1ˆ =
1
3B
(
−
A′
A
+
C′
C
+ f
B
A
+ q
B
C
)
, (43)
v0ˆ = −
g
3B
+
p
3C
, v1ˆ = −
f
3A
+
q
3C
. (44)
All together, the general spherically symmetric torsion
configuration thus includes eight variables (39)-(44) – the
components of the 1-forms T, T , V, V :
tA(t, r), tA(t, r), vA(t, r), vA(t, r), A = 0, 1. (45)
These four 1-forms determine the torsion invariants, in
particular for the Yang-Mills quadratic invariant we find
Tα ∧ ∗Tα = 6
(
V ∧ ∗V − V ∧ ∗V
)
+
1
3
(
T ∧ ∗T − T ∧ ∗T
)
. (46)
For the analysis of the validity of the generalized
Birkhoff theorem, it is instructive to find the structure
of irreducible parts of the spherically symmetric torsion
and curvature 2-forms.
A. Irreducible torsion decomposition
The decomposition of the spherically symmetric tor-
sion (36)-(37) into its three irreducible parts is straight-
forward. The 1st irreducible (traceless tensor) torsion is
constructed from the 1-forms V and V :
(1)TA = 2ϑA ∧ V + 2eA⌋∗V , (47)
(1)T a = −ϑa ∧ V − ea⌋∗V , (48)
whereas the 2nd (torsion trace) and the 3rd (axial trace)
parts read
(2)Tα =
1
3
ϑα ∧ T, (3)Tα =
1
3
eα⌋∗T . (49)
B. Irreducible curvature decomposition
All six irreducible parts of the curvature are nontriv-
ial, in general. In order to clarify the structure of the
irreducible pieces of the spherically symmetric curva-
ture 2-form (25)-(27), one needs a somewhat different
parametrization of its components. Namely, it turns out
to be more convenient to replace µ, ν, µ, ν and compo-
nents of the 1-forms UA and UA by the set of the new
variables as follows:
5µ =
M+ 2K +N
2
, ν =
M+ 2K −N
2
, µ =
M+ 2K+N
2
, ν =
M+ 2K−N
2
, (50)
U 0ˆ
0ˆ
=
M−K+ L
2
, U 0ˆ
1ˆ
=
Q+ P
2
, U 1ˆ
0ˆ
=
Q−P
2
, U 1ˆ
1ˆ
=
M−K−L
2
. (51)
U 0ˆ
0ˆ
=
M−K+ L
2
, U 0ˆ
1ˆ
=
Q+ P
2
, U 1ˆ
0ˆ
=
Q−P
2
, U 1ˆ
1ˆ
=
M−K−L
2
. (52)
In terms of the new variables, one then finds the 1st irreducible (the Weyl) part of the curvature:
(1)R0ˆ1ˆ = K ϑ0ˆ ∧ ϑ1ˆ −K ϑ2ˆ ∧ ϑ3ˆ, (1)R0ˆ2ˆ = −
K
2
ϑ0ˆ ∧ ϑ2ˆ +
K
2
ϑ3ˆ ∧ ϑ1ˆ, (1)R0ˆ3ˆ = −
K
2
ϑ0ˆ ∧ ϑ3ˆ +
K
2
ϑ1ˆ ∧ ϑ2ˆ, (53)
(1)R2ˆ3ˆ = K ϑ2ˆ ∧ ϑ3ˆ +K ϑ0ˆ ∧ ϑ1ˆ, (1)R3ˆ1ˆ = −
K
2
ϑ3ˆ ∧ ϑ1ˆ −
K
2
ϑ0ˆ ∧ ϑ2ˆ, (1)R1ˆ2ˆ = −
K
2
ϑ1ˆ ∧ ϑ2ˆ −
K
2
ϑ0ˆ ∧ ϑ3ˆ, (54)
the 2nd (the pair anticommutator) part:
(2)R0ˆ1ˆ = −
N
2
ϑ2ˆ ∧ ϑ3ˆ, (2)R0ˆ2ˆ = −
L
2
ϑ3ˆ ∧ ϑ1ˆ +
P
2
ϑ0ˆ ∧ ϑ3ˆ, (2)R0ˆ3ˆ = −
L
2
ϑ1ˆ ∧ ϑ2ˆ −
P
2
ϑ0ˆ ∧ ϑ2ˆ, (55)
(2)R2ˆ3ˆ = −
N
2
ϑ0ˆ ∧ ϑ1ˆ, (2)R3ˆ1ˆ = −
L
2
ϑ0ˆ ∧ ϑ2ˆ −
P
2
ϑ1ˆ ∧ ϑ2ˆ, (2)R1ˆ2ˆ = −
L
2
ϑ0ˆ ∧ ϑ3ˆ +
P
2
ϑ3ˆ ∧ ϑ1ˆ, (56)
the 4th (the traceless Ricci) part:
(4)R0ˆ1ˆ =
N
2
ϑ0ˆ ∧ ϑ1ˆ, (4)R0ˆ2ˆ =
L
2
ϑ0ˆ ∧ ϑ2ˆ +
P
2
ϑ1ˆ ∧ ϑ2ˆ, (4)R0ˆ3ˆ =
L
2
ϑ0ˆ ∧ ϑ3ˆ −
P
2
ϑ3ˆ ∧ ϑ1ˆ, (57)
(4)R2ˆ3ˆ = −
N
2
ϑ2ˆ ∧ ϑ3ˆ, (4)R3ˆ1ˆ = −
L
2
ϑ3ˆ ∧ ϑ1ˆ +
P
2
ϑ0ˆ ∧ ϑ3ˆ, (4)R1ˆ2ˆ = −
L
2
ϑ1ˆ ∧ ϑ2ˆ −
P
2
ϑ0ˆ ∧ ϑ2ˆ, (58)
the 5th (the skew-symmetric Ricci) part:
(5)R0ˆ1ˆ = 0, (5)R0ˆ2ˆ =
Q
2
ϑ1ˆ ∧ ϑ2ˆ +
Q
2
ϑ0ˆ ∧ ϑ3ˆ, (5)R0ˆ3ˆ = −
Q
2
ϑ3ˆ ∧ ϑ1ˆ −
Q
2
ϑ0ˆ ∧ ϑ2ˆ, (59)
(5)R2ˆ3ˆ = 0, (5)R3ˆ1ˆ = −
Q
2
ϑ0ˆ ∧ ϑ3ˆ +
Q
2
ϑ1ˆ ∧ ϑ2ˆ, (5)R1ˆ2ˆ =
Q
2
ϑ0ˆ ∧ ϑ2ˆ −
Q
2
ϑ3ˆ ∧ ϑ1ˆ, (60)
and finally the 3rd and 6th (the curvature pseudoscalar and scalar) parts:
(3)Rαβ =
M
2
ηαβ , (6)Rαβ =
M
2
ϑα ∧ ϑβ. (61)
By the direct inspection of (53)-(61) we check the double
duality properties of the irreducible curvature parts:
∗((I)Rαβ) =
KI
2
ηαβµν
(I)Rµν , (62)
whereKI = 1 for I = 1, 3, 5, 6, andKI = − 1 for I = 2, 4.
One can prove that (62) is true not only for the spher-
ically symmetric configurations but also in general case
[28]. These double duality properties will play a cru-
cial role in the analysis of the validity of the generalized
Birkhoff’s theorem in the Poincare´ gauge gravity.
C. Weitzenbo¨ck spacetime limit
There is a special interest in the literature to the
gravity models based on the teleparallelism when the
Riemann-Cartan curvature is zero (Weitzenbo¨ck space-
time). For the sake of completeness, here we describe the
spherically symmetric field configuration for this case.
Assuming f = g = k = h = 0, we automatically have
µ = ν = 0 and UA = 0, and the Riemann-Cartan curva-
ture (25)-(27) becomes flat Rαβ = 0 when
µ = 0, ν = 0, UA = 0. (63)
Directly from the definitions (28)-(31), we find the gen-
eral solution of the system of differential and algebraic
equations (63):
f = W˙ , g =W ′, q = coshW, p = − sinhW, (64)
where W =W (t, r) is an arbitrary function [53].
6As a result, the local Lorentz connection (14)-(16) reduces to
Γα
β =

0 dW − sinhWdθ − sinhW sin θdϕ
dW 0 coshWdθ coshW sin θdϕ
− sinhWdθ − coshWdθ 0 − cos θdϕ
− sinhW sin θdϕ − coshW sin θdϕ cos θdϕ 0
 , (65)
using the obvious matrix notation. It is straightforward to check that
Γα
β = (Λ−1)βγdΛ
γ
α, (66)
where the local Lorentz transformation Λαβ matrix is a product of two rotations and a boost Λ = R1R2L, with
R1 =

1 0 0 0
0 1 0 0
0 0 cosϕ − sinϕ
0 0 sinϕ cosϕ
 , R2 =

1 0 0 0
0 cos θ sin θ 0
0 − sin θ cos θ 0
0 0 0 1
 , L =

coshW sinhW 0 0
sinhW coshW 0 0
0 0 1 0
0 0 0 1
 . (67)
Another case is described by f = g = p = q = 0, and
f = W˙ , g = W ′, p = coshW, q = sinhW, (68)
where as before W = W (t, r) is an arbitrary function.
V. GENERALIZED BIRKHOFF THEOREM
After these preparations, we are in a position to anal-
yse the generalized Birkhoff theorem in the Poincare´
gauge gravity theory.
We begin by recalling that there are two versions of this
theorem: the strong and the weak ones. It is worthwhile
to explain this terminology which was proposed earlier
in [35–37] and may sound confusing, at least at the first
sight. It seems reasonable to view a result derived under
smaller number of assumptions as stronger than the same
result obtained under more restrictive assumptions. In
the context of our study of the Birkhoff theorem, the
assumption of the spherical symmetry can be described
either by SO(3) rotation group, or by a larger (hence
more restrictive) full rotation group O(3).
Accordingly, in the strong version of Birkhoff’s the-
orem, the spherical symmetry is understood as the in-
variance under the pure rotations from the proper SO(3)
group. The corresponding symmetric connection config-
uration is described by the set (14)-(16) of 8 arbitrary
functions: f, g, p, q, and f, g, p, q. An equivalent descrip-
tion can be formulated in terms of the spherically sym-
metric torsion configuration that also encompasses eight
variables (45) – the components of the 1-forms T, T , V, V ,
see (39)-(44).
In the weak version of Birkhoff’s theorem, the spherical
symmetry is understood as invariance under the full ro-
tation groupO(3) which includes spatial reflections along
with the pure rotations. Accordingly, in the weak version
only parity-even objects are allowed, whereas the parity-
odd variables are forbidden: f = g = p = q = 0, which
reduces to 4 the number of connection components. This
then yields tA = vA = 0 and hence T = V = 0, reducing
the number of nontrivial torsion components also to 4.
To prove the generalized Birkhoff theorem, one needs
to plug the spherically symmetric ansatz (13) and (14)-
(16) into the field equations (3)-(4) and establish the con-
ditions under which these field equations admit only so-
lutions with the vanishing torsion and the Schwarzschild
metric. Some of these conditions may restrict the cou-
pling constants (hence, the structure of the Lagrangian),
other conditions may impose constraints on the geomet-
ric properties of spacetime. Among the latter are: (i)
an asymptotic flatness condition which requires that the
metric (9) approaches the Minkowski line element, i.e.
A −→ 1, B −→ 1, C −→ r in the limit of r −→ ∞,
or (ii) an assumption of the vanishing scalar curvature
X = R = eα⌋eβ⌋Rαβ = 0.
In the earlier literature [34–41], only the parity-even
class of models was analyzed with aI = 0, bJ = 0. Here
we consistently include the parity-odd sector into the
consideration.
A. Strong SO(3) version
In order to make the discussion more clear, we will
explicitly mention the corresponding symmetry group in
the name of a theorem, and thus instead of potentially
confusing names for the “strong” and “weak” Birkhoff’s
theorem, we will speak of the “strong SO(3) version” and
the “weak O(3) version”, respectively.
The strong SO(3) version of the generalized Birkhoff
theorem reads: the torsion-less Schwarzschild (Kottler,
in general) spacetime is a unique solution of the vacuum
Poincare´ gauge field equations (3)-(4) which is spherically
7symmetric in the sense of invariance under the proper
rotation SO(3) group.
It is important to stress that vanishing of the torsion
is not an additional assumption on top of the spherical
symmetry, but one finds that the torsion vanishes from
the field equations.
1. Strong SO(3) version: case (SB1)
Let us consider the class of models (1) without the
curvature-square terms,
bI = 0, bI = 0, I = 1, . . . , 6. (69)
From (6) and (8) we find hαβ = 0 and q
(R)
α = 0, and the
second PG field equation (4) then reduces to an algebraic
system for the torsion components, which can be recast
into
− a0
∗
(
(1)Tα + 2 (2)Tα +
1
2
(3)Tα
)
− a0
(
(1)Tα + (2)Tα + (3)Tα
)
− hα = 0. (70)
Substituting (5), we derive
− (a0 + a1)
∗((1)Tα) + (2a0 − a2)
∗((2)Tα)
+
(a0
2
− a3
)
∗((3)Tα)−
(
a0 + a1
)
(1)Tα
−
(
a0 + a2
)
(2)Tα −
(
a0 + a3
)
(3)Tα = 0. (71)
A direct inspection of this system, combined with its
Hodge dual, shows that the vanishing torsion Tα = 0
is its only solution, provided
(a0 + a1)(2a0 − a2)(a0 − 2a3) 6= 0,
(a0 + a1)(a0 + a2)(a0 + a3) 6= 0.
}
(72)
Then the first PG field equation (3) reduces to the usual
Einstein equation
a0
2
ηαβγ ∧ R˜
βγ − λ0ηα = 0. (73)
Hereafter we denote the Riemannian objects by the tilde.
In particular, the Levi-Civita connection Γ˜αβ is torsion-
free, D˜ϑα = dϑα+Γ˜β
α∧ϑβ = 0, and R˜αβ = dΓ˜αβ+Γ˜γβ∧
Γ˜αγ is the corresponding Riemannian curvature 2-form.
Since the standard Birkhoff theorem holds for (73), we
thus have demonstrated the validity of the generalized
Birkhoff theorem for the family of PG models (69), (72).
2. Strong SO(3) version: case (SB2)
Let us consider a family of PG models where quadratic
curvature terms are included in the Lagrangian (1) with
the coupling constants chosen as
b1 = b5 = − b2 = − b4, b1 = b2 = b4 = b5. (74)
Then, by making use of the double duality properties
(62), for (6) we have
hαβ =
b1
2
ηαβµν R
µν + b1Rαβ − b1−3
∗(3)Rαβ
− b1−6
∗(6)Rαβ − b1−3 (
(3)Rαβ +
(6)Rαβ). (75)
Here we introduced a convenient compact notation for
the linear combinations of the coupling constants:
bI±J := bI ± bJ , bI±J := bI ± bJ . (76)
Making an additional assumption that the curvature
scalarsM andM are constant, we then find the covariant
derivative
Dhαβ = −
1
2
(
b1−6M+ b1−3M
)
Dηαβ
−
1
2
(
b1−3M− b1−3M
)
D(ϑα ∧ ϑβ), (77)
where we used (61), and the covariant derivative of the
first two terms in (75) vanish in view of the Bianchi iden-
tity DRαβ = 0. Substituting (77) into the second PG
field equation (4), the latter yields
− (aeff0 + a1)
∗((1)Tα) + (2aeff0 − a2)
∗((2)Tα)
+
(aeff0
2
− a3
)
∗((3)Tα)−
(
aeff0 + a1
)
(1)Tα
−
(
aeff0 + a2
)
(2)Tα −
(
aeff0 + a3
)
(3)Tα = 0, (78)
where we introduced the effective coupling constants
aeff0 = a0 + ℓ
2(b1−6M + b1−3M), (79)
aeff0 = a0 + ℓ
2(b1−3M− b1−3M). (80)
The vanishing torsion Tα = 0 is the only solution of (78),
provided
(aeff0 + a1)(2a
eff
0 − a2)(a
eff
0 − 2a3) 6= 0,
(aeff0 + a1)(a
eff
0 + a2)(a
eff
0 + a3) 6= 0,
}
(81)
and then the first PG field equation (3) again reduces
to the usual Einstein equation (73) and the validity of
generalized Birkhoff theorem is therefore established.
3. Strong SO(3) version: case (SB3)
For a sub-family of PG models (74) when the choice
(74) of coupling constants is further specified to
b1 = b3 = b5 = b6 = − b2 = − b4,
b1 = b2 = b3 = b4 = b5 = b6,
}
(82)
the 2-form (75) is simplified to
hαβ =
b1
2
ηαβµν R
µν + b1 Rαβ , (83)
8so thatDhαβ = 0, and the second field equation (4) yields
(71). The latter, as we already know, admits the vanish-
ing torsion as a unique solution, provided the coupling
constants satisfy (72), and the generalized Birkhoff theo-
rem is established because q
(R)
α = 0 for (82) and therefore
the first PG field equation (3) again reduces to GR’s (73).
4. Strong SO(3) version: case (SB4)
Let us conclude the analysis of the strong Birkhoff the-
orem by considering the class of models (1) without the
torsion-square terms,
aI = 0, aI = 0, I = 1, 2, 3, (84)
when the curvature-square coupling constants satisfy
(74), and in addition, are restricted by the relations
a0b1−3 + a0b1−3 = 0, a0b1−6 − a0b1−3 = 0. (85)
In view of (84), we have hα = 0, and computing the trace
of the first PG field equation (3), ϑα ∧ Eα = 0, we get
a0M+ a0M−
2λ0
3
= 0. (86)
On the other hand, hαβ , which is still given by (75), with
the help of (85) reduces to
hαβ =
b1
2
ηαβµν R
µν + b1Rαβ
−
a0M+ a0M
a0
(
b1−6ηαβ + b1−3 ϑα ∧ ϑβ
)
. (87)
With an account of (86), the second PG field equation (4)
then becomes a special case of (78) in which we should
insert (84). The effective coupling constants remain the
same (79) and (80). As a result, we discover the vanishing
torsion Tα = 0 as the only solution of (78), provided
aeff0 6= 0, a
eff
0 6= 0, (88)
and the generalized Birkhoff theorem is therefore valid,
since the first PG field equation (3) again reduces to the
usual Einstein equation (73).
B. Weak O(3) version
The weak O(3) version of the generalized Birkhoff the-
orem reads: the torsion-less Schwarzschild (Kottler, in
general) spacetime is a unique solution of the vacuum
Poincare´ gauge field equations (3)-(4), which is spheri-
cally symmetric in the sense of invariance under the full
rotationO(3) group, when spatial reflections are included
in addition to the proper rotations.
As before, an important remark is that vanishing of
the torsion is not an additional assumption on top of
the spherical symmetry, but one finds that the torsion
vanishes from the field equations.
In order to study the weak O(3) version of the gen-
eralized Birkhoff theorem, we put f = g = p = q = 0
which are forbidden by the spatial reflection symmetry.
Therefore, tA = vA = 0 and hence T = V = 0, and
also UA = 0. As a result, we find Q = P = L = N =
K =M = 0. Consequently, from (49), (55)-(56), (61) we
conclude that one torsion irreducible part and two of the
irreducible curvature parts are trivial
(3)Tα = 0, (2)Rαβ = 0,
(3)Rαβ = 0. (89)
Similarly to the strong version of the generalized
Birkhoff theorem, the weak version can be established
for several families of quadratic PG models.
1. Weak O(3) version: case (WB1)
Let us consider the class of models (1) without the
curvature-square terms,
bI = 0, bI = 0, I = 1, . . . , 6. (90)
From we have hαβ = 0 and q
(R)
α = 0, and the second PG
field equation (4) then reduces to
− (a0 + a1)
∗((1)Tα) + (2a0 − a2)
∗((2)Tα)
−
(
a0 + a1
)
(1)Tα −
(
a0 + a2
)
(2)Tα = 0. (91)
The vanishing torsion Tα = 0 is its only solution, pro-
vided
(a0 + a1)(2a0 − a2) 6= 0, (a0 + a1)(a0 + a2) 6= 0. (92)
The first PG field equation (3) then reduces to the usual
Einstein equation (73), which demonstrates the validity
of the generalized Birkhoff theorem for the family of PG
models (69), (72).
2. Weak O(3) version: case (WB2)
Let us consider a family of PG models where quadratic
curvature terms are included in the Lagrangian (1) with
the coupling constants chosen as
b1 = b5 = − b4, b1 = b4 = b5. (93)
Then, by making use of the double duality properties
(62), for (6) we have
hαβ =
b1
2
ηαβµν R
µν + b1Rαβ
− b1−6
∗(6)Rαβ − b1−3
(6)Rαβ . (94)
Under an additional assumption that the curvature scalar
M is constant, we then find the covariant derivative
Dhαβ = −
M
2
[
b1−6Dηαβ + b1−3D(ϑα ∧ ϑβ)
]
, (95)
9and hence the second PG field equation (4) reduces to
− (aeff0 + a1)
∗((1)Tα) + (2aeff0 − a2)
∗((2)Tα)
−
(
aeff0 + a1
)
(1)Tα −
(
aeff0 + a2
)
(2)Tα = 0, (96)
with the effective coupling constants
aeff0 = a0 + b1−6 ℓ
2M, (97)
aeff0 = a0 + b1−3 ℓ
2M. (98)
The vanishing torsion Tα = 0 is the only solution of (96),
provided
(aeff0 + a1)(2a
eff
0 − a2) 6= 0, (a
eff
0 + a1)(a
eff
0 + a2) 6= 0,
(99)
and then the first PG field equation (3) again reduces
to the usual Einstein equation (73) and the validity of
generalized Birkhoff theorem is therefore established.
3. Weak O(3) version: case (WB3)
For a sub-family of PG models (93) when the choice
(93) of coupling constants is further specified to
b1 = b5 = b6 = − b4, b1 = b4 = b5 = b6, (100)
the 2-form (94) is simplified to
hαβ =
b1
2
ηαβµν R
µν + b1Rαβ , (101)
so that Dhαβ = 0, and the second field equation (4)
yields (91). The latter, as we already know, admits the
vanishing torsion as a unique solution, provided the cou-
pling constants satisfy (92), and the generalized Birkhoff
theorem is established because q
(R)
α = 0 for (100) and
therefore the first PG field equation (3) again reduces to
GR’s (73).
4. Weak O(3) version: case (WB4)
Similarly to the analysis of the strong Birkhoff theo-
rem, let us consider the class of models (1) without the
torsion-square terms,
a1 = a2 = 0, a1 = a2 = 0, (102)
whereas the curvature-square coupling constants satisfy
(93). In view of (102), we have hα = 0, and computing
the trace of the first PG field equation (3), ϑα ∧ Eα =
2(3a0M− 2λ0)η = 0, we get
M =
2λ0
3a0
. (103)
Since hαβ is still given by (94), with an account of (103)
its covariant derivative is the same (95), and the second
PG field equation (4) becomes a special case of (96) in
which we should insert (102). The effective coupling con-
stants remain the same (97) and (98). Consequently, the
vanishing torsion Tα = 0 is the only solution of (96),
provided
aeff0 6= 0, a
eff
0 6= 0, (104)
and the generalized Birkhoff theorem is therefore valid,
since the first PG field equation (3) again reduces to the
usual Einstein equation (73).
5. Weak O(3) version: cases (WB5), (WB6), (WB7)
Let us study in greater detail the case (102) when a1 =
a2 = 0 and a1 = a2 = 0, however without apriori fixing
the values of the curvature-square coupling constants bI ,
bI . Then hα = 0 and q
(T )
α = 0, and the PG field equations
(3) and (4) in read in vacuum
Eα =
a0
2
ηαβγ ∧R
βγ + a0Rαβ ∧ ϑ
β
−λ0ηα + ℓ
2
ρ q
(R)
α = 0, (105)
Cαβ = a0 ηαβγ ∧ T
γ + a0 (Tα ∧ ϑβ − Tβ ∧ ϑα)
− 2ℓ2ρDhαβ = 0. (106)
For the trace of the first field equation (105), we found
the constant scalar curvature (103).
Before we consider the general case, let us analyse the
special case when
Q = P = L = N = 0. (107)
Then from (57)-(60) we conclude that (4)Rαβ =
(5)Rαβ =
0, and in view of (89) the curvature has a simple structure
Rαβ =
(1)Rαβ +
(6)Rαβ . (108)
As a result, the 2-form (6) is given by (94), its covariant
derivativeDhαβ is given by (95) with an account of (103),
and we then find for the second PG field equation (106):
aeff0 ηαβγ ∧ T
γ + aeff0 (Tα ∧ ϑβ − Tβ ∧ ϑα) = 0, (109)
where the effective coupling constants are (97) and (98).
The algebraic equation (109) has a unique trivial torsion
Tα = 0 under the condition (104). Indeed, contracting
(109) with the Levi-Civita tensor ηαβµν , one finds
aeff0 (Tα ∧ ϑβ − Tβ ∧ ϑα)− a
eff
0 ηαβγ ∧ T
γ = 0, (110)
and combining this with (109), we prove that the solution
for the torsion is trivial under the condition (104).
Turning to the first field equation, one can straight-
forwardly verify that q
(R)
α = 0 for the curvature (108),
and the field equation (105) reduces to (73) the standard
Einstein equation for the Riemannian case for which the
generalized Birkhoff theorem is valid.
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We will call (104) a primary condition and from now
on will assume that it is satisfied. For the class of mod-
els without the cosmological constant λ0 = 0 (hence
M = 0), the primary condition reduces to the require-
ment a0 6= 0, a0 6= 0 which excludes the purely curvature
quadratic models. We will therefore assume that a0 6= 0
and a0 6= 0 and taking into account (103), we write down
the primary condition explicitly as
(
a0 +
2ℓ2ρλ0
3a0
b1−6
)(
a0 +
2ℓ2ρλ0
3a0
b1−6
)
6= 0. (111)
Now, let us consider the general case, without assuming (107) in advance. Inserting the spherically symmetric
ansatz for the coframe (13) and connection (14)-(16) into the first field equation (105), we find explicitly:
E0ˆ = η0ˆ
{
1
2
a0(3M− 2L−N )− λ0 +
1
2
ℓ2ρ
[
2b4+5QP + 2b1+4K(N −L) + b4+6M(2L+N )
]}
+ η1ˆ
{
a0(P −Q) + ℓ
2
ρ
[
b1+4KP − b4+6MP − b1−5QK − b4+5QL− b5−6QM
]}
, (112)
E1ˆ = η1ˆ
{
1
2
a0(3M+ 2L−N )− λ0 +
1
2
ℓ2ρ
[
− 2b4+5QP + 2b1+4K(N + L) + b4+6M(−2L+N )
]}
+ η0ˆ
{
− a0(P +Q) + ℓ
2
ρ
[
− b1+4KP + b4+6MP − b1−5QK + b4+5QL− b5−6QM
]}
. (113)
E2ˆ = η2ˆ
{
1
2
a0(3M+N )− λ0 +
1
2
ℓ2ρ
[
− 2b1+4KN − b4+6MN
]}
− η3ˆQ
{
a0 + ℓ
2
ρ
[
b1−5K + b5−6M
]}
, (114)
E3ˆ = η3ˆ
{
1
2
a0(3M+N )− λ0 +
1
2
ℓ2ρ
[
− 2b1+4KN − b4+6MN
]}
+ η2ˆQ
{
a0 + ℓ
2
ρ
[
b1−5K + b5−6M
]}
. (115)
The trace (103) can be verified directly from (112)-(115).
With an account of (103), the vacuum field equations
(112)-(115) are recast into the system
Q
{
a0 + ℓ
2
ρ
[
b1−5K + b5−6M
]}
= 0, (116)
a0N − ℓ
2
ρ [2b1+4KN + b4+6MN ] = 0, (117)
a0L − ℓ
2
ρ [b4+5QP − b1+4KL+ b4+6ML] = 0, (118)
a0P − ℓ
2
ρ [b4+5QL− b1+4KP + b4+6MP ] = 0, (119)
Q
{
a0 + ℓ
2
ρ [b1−5K + b5−6M]
}
= 0.(120)
From the equations (120) and (116) we conclude that
Q = 0, except for an exotic case when the coupling con-
stants satisfy
a0 + ℓ
2
ρ [b1−5K + b5−6M] = 0, (121)
a0 + ℓ
2
ρ
[
b1−5K + b5−6M
]
= 0, (122)
which is possible only when
a0 b1−5 − a0 b1−5 +
2ℓ2ρλ0
3a0
[
b1−5 b5−6 − b1−5 b5−6
]
= 0.
(123)
The analysis of the second field equation (106) is sim-
plified greatly by making use of the double-duality prop-
erties of the curvature. Namely, the crucial observation
is that we can recast the 2-form hαβ , defined in (6), into
hαβ = −
b4
2
ηαβµν R
µν + b4 Rαβ + h
eff
αβ , (124)
where we introduced the effective quantity
heffαβ =
∗
(
b1+4
(1)Rαβ + b5+4
(5)Rαβ + b6+4
(6)Rαβ
)
+ b1−4
(1)Rαβ + b5−4
(5)Rαβ + b6−4
(6)Rαβ . (125)
The derivation is based on a straightforward use of the
properties (62). The advantage of the representation
(124) is that we identically have
Dhαβ ≡ Dh
eff
αβ , (126)
in view of the Bianchi identity DRαβ = 0.
The second field equation (106) read in components
C0ˆ2ˆ = H0η2ˆ −H0η3ˆ = 0, C0ˆ3ˆ = H0η3ˆ +H0η2ˆ = 0, C0ˆ1ˆ = F0η1ˆ −F1η0ˆ = 0, (127)
C1ˆ2ˆ = H1η2ˆ −H1η3ˆ = 0, C1ˆ3ˆ = H1η3ˆ +H1η2ˆ = 0, C2ˆ3ˆ = F0η1ˆ −F1η0ˆ = 0, (128)
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and making use of (125), (126) and (53)-(61), we find explicitly
F0 = ℓ
2
ρ
{2b1+4K˙ + b6+4M˙
A
+
2(3b1+4Kp+ b5+4Qq)
C
}
+ 2
(
v0ˆ −
1
3
t0ˆ
) [
− a0 + ℓ
2
ρ(2b1+4K + b6+4M)
]
, (129)
F1 = ℓ
2
ρ
{2b1+4K′ + b6+4M′
B
−
2(3b1+4Kq + b5+4Qp)
C
}
+ 2
(
v1ˆ −
1
3
t1ˆ
) [
− a0 + ℓ
2
ρ(2b1+4K + b6+4M)
]
, (130)
F0 = ℓ
2
ρ
{2b1−4K˙ + b6−4M˙
A
+
2(3b1−4Kp+ b5−4Qq)
C
}
+ 2
(
v0ˆ −
1
3
t0ˆ
) [
− a0 + ℓ
2
ρ(2b1−4K + b6−4M)
]
, (131)
F1 = ℓ
2
ρ
{2b1−4K′ + b6−4M′
B
−
2(3b1−4Kq + b5−4Qp)
C
}
+ 2
(
v1ˆ −
1
3
t1ˆ
) [
− a0 + ℓ
2
ρ(2b1−4K+ b6−4M)
]
, (132)
H0 = ℓ
2
ρ
{− b1+4K˙ + b6+4M˙
A
−
b5+4Q′
B
−
3b1+4Kp− b5+4Qq
C
}
+ t1ˆℓ
2
ρb5+4Q+ t0ˆ[a0 + ℓ
2
ρ (b1+4K − b6+4M)],(133)
H1 = ℓ
2
ρ
{− b1+4K′ + b6+4M′
B
−
b5+4Q˙
A
+
3b1+4Kq − b5+4Qp
C
}
+ t0ˆℓ
2
ρb5+4Q+ t1ˆ[a0 + ℓ
2
ρ(b1+4K − b6+4M)],(134)
H0 = ℓ
2
ρ
{ b1−4K′ − b6−4M′
B
+
b5−4Q˙
A
−
3b1−4Kq + b5−4Qp
C
}
− t0ˆℓ
2
ρb5−4Q− t1ˆ[a0 + ℓ
2
ρ
(
b1−4K − b6−4M
)
], (135)
H1 = ℓ
2
ρ
{ b1−4K˙ − b6−4M˙
A
+
b5−4Q′
B
+
3b1−4Kp− b5−4Qq
C
}
− t1ˆℓ
2
ρb5−4Q− t0ˆ[a0 + ℓ
2
ρ(b1−4K − b6−4M)]. (136)
After these preliminaries, we are in a position to
demonstrate that Birkhoff’s theorem is valid for the fol-
lowing three cases (WB5), (WB6) and (WB7):
Case (WB5). Assuming the primary condition (104),
(111), the family of PG models specified by
b1 = − b4 = b5. (137)
If, in addition to the primary condition, we assume the
secondary conditions
a0 −
2ℓ2ρλ0
3a0
(b4 + b6) 6= 0, (138)
a0 −
2ℓ2ρλ0
3a0
(2b1 + 3b4 + b6) 6= 0, (139)
we find two more possibilities:
Case (WB6). Lagrangians with the coupling constants
b1 = b5, b4 6= − b5. (140)
Case (WB7):
b4 = − b5, b1 6= b5. (141)
The proof is straightforward. Case (WB5): When the
coupling constant satisfy (137), or equivalently, b1+4 =
b4+5 = 0 and b1−5 = 0, the set of equations (117)-(120)
reduces to
N
(
a0 + ℓ
2
ρMb1−6
)
= 0, (142)
L
(
a0 + ℓ
2
ρMb1−6
)
= 0, (143)
P
(
a0 + ℓ
2
ρMb1−6
)
= 0, (144)
Q
(
a0 + ℓ
2
ρMb1−6
)
= 0, (145)
and in view of the primary condition (104), we find Q =
P = N = L = 0. Thus the special case (107) is recovered
for which the validity of the Birkhoff theorem was already
established.
Case (WB6). Assuming (140), eq. (120) is recast into
Q
{
a0 + ℓ
2
ρMb1−6
}
= 0, (146)
and hence Q = 0 due to the primary condition (104). As
a result, the system (117)-(119) reduces to
N
{
− a0 + ℓ
2
ρ [2b1+4K + b4+6M]
}
= 0, (147)
L
{
− a0 + ℓ
2
ρ [−b1+4K + b4+6M]
}
= 0, (148)
P
{
− a0 + ℓ
2
ρ [−b1+4K + b4+6M]
}
= 0. (149)
Therefore, either P = N = L = 0, and we again recover
the special case (107), or we face the two subcases:
− a0 + ℓ
2
ρ [2b1+4K + b4+6M] = 0, (150)
or
− a0 + ℓ
2
ρ [−b1+4K + b4+6M] = 0. (151)
Subcase WB6.1. If we have (150), then under the sec-
ondary condition (138),
ℓ2ρb1+4K =
1
2
(
a0 − ℓ
2
ρMb4+6
)
6= 0. (152)
But in this subcase the field equations (129) and (130),
that is F0 = 0 and F1 = 0, then yield
p = 0, q = 0, (153)
which means that UA = 0, see (30) and (31). By mak-
ing use of (51), we therefore conclude that K = M and
substituting this into (150), we find
− a0 + ℓ
2
ρM (2b1+4 + b4+6) = 0, (154)
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which contradicts the secondary condition (139).
Subcase WB6.2. Assuming (151) under the secondary
condition (138) we find
ℓ2ρb1+4K = −
(
a0 − ℓ
2
ρMb4+6
)
6= 0, (155)
and using the field equations (133) and (134), i.e., H0 = 0
and H1 = 0, we again end up with (153). This again
yields UA = 0 via (30) and (31), and by using (51), we
have K = M as in the previous subcase. Substituting
this into (151), we find
− a0 + ℓ
2
ρM (− b1+4 + b4+6) = −
(
a0 + ℓ
2
ρMb1−6
)
= 0,
(156)
which thus contradicts the secondary condition (138).
Case (WB7) is similar. Under the assumption (141),
the system (117)-(120) reduces to
N
{
− a0 + ℓ
2
ρ [2b1+4K + b4+6M]
}
= 0, (157)
L
{
− a0 + ℓ
2
ρ [−b1+4K + b4+6M]
}
= 0, (158)
P
{
− a0 + ℓ
2
ρ [−b1+4K + b4+6M]
}
= 0, (159)
Q
{
− a0 + ℓ
2
ρ [−b1+4K + b4+6M]
}
= 0. (160)
Therefore, either Q = P = N = L = 0 and we re-
cover the special case (107) for which the validity of the
Birkhoff theorem was already established, or we have to
consider the two subcases (150) and (151). The corre-
sponding analysis is verbatim the same as in the subcases
WB6.1 and WB6.2 above.
VI. ON THE PHYSICAL MEANING OF
PRIMARY AND SECONDARY CONDITIONS
In order to reach a better understanding of the pri-
mary and secondary conditions (111), (138), (139), let
us go beyond the spherical symmetry. A Riemannian
spacetime which arises as a solution of the vacuum Ein-
stein equation (73) with a cosmological constant is called
an Einstein space. A thorough investigation of Einstein
spaces can be found in the book of Petrov [64]. If we put
the torsion equal zero in the general quadratic PG field
equations (3)-(4), one can straightforwardly verify that
Einstein spaces (73) are exact solutions of the latter.
However, a much stronger and more nontrivial result
concerns the uniqueness of Einstein spaces as torsionless
solutions of PG field equations. Namely, one can prove
[28, 29, 41, 65, 66] that Einstein spaces (73) are the only
torsionless solutions of the general quadratic PG field
equations (3)-(4) for an arbitrary PG Lagrangian (1),
excluding the three exceptional cases when the coupling
constants satisfy one of the following equalities
a0 +
2ℓ2ρλ0
3a0
(b1 − b6) = 0, (161)
a0 −
2ℓ2ρλ0
3a0
(b4 + b6) = 0, (162)
a0 −
2ℓ2ρλ0
3a0
(2b1 + 3b4 + b6) = 0. (163)
The field equations of the PG models, belonging to one of
these exceptional cases, admit torsionless solutions which
are not Einstein spaces. As a specific example we can
mention the Stephenson-Kilmister-Yang (SKY) gravity
theory [67–69] which is known to have non-Einsteinian
vacuum solutions [70–73].
In other words, the primary and secondary conditions
(111), (138), (139) are not only necessary to ensure the
validity of the generalized Birkhoff theorem for the spher-
ically symmetric solutions of the quadratic PG models,
they are also sufficient conditions to prohibit (161)-(163)
and thereby to guarantee that the only torsionless solu-
tions of the Poincare´ field equations are Einstein spaces.
VII. VACUUM SOLUTIONS VIOLATING
BIRKHOFF’S THEOREM
All quadratic PG models admit Schwarzschild (or in
general, Kottler, when the cosmological constant is non-
trivial) spherically symmetric solution without torsion.
However, other spherically symmetric solutions, besides
the torsionless Schwarzschild/Kottler, may exist in those
PG models which do not belong to one of the families
described in Sec. V. Here we consider such a case and ex-
plicitly construct a spherically symmetric solution with
nontrivial torsion. Let us specialize to the Lagrangian (1)
where the torsion-square part is described by the coupling
constants
a1 = − a0, a2 = 2a0, a3 =
1
2
a0,
a1 = − a0, a2 = − a0, a3 = − a0,
 (164)
which directly violates (72). At the same time, we fix the
structure of the curvature-square part of the Lagrangian
(1) by the following choice of the coupling constants:
b3 = − b2, b5 = −
b2
3
, b1 = b4 = b6 = 0,
b3 = b2, b5 =
b2
3
, b1 = b4 = b6 = 0.
 (165)
Therefore, this model is characterized by the two cou-
pling parameters b2 and b2, in addition to a0 and a0.
There are two geometrical identities [28, 29] which hold
for the choice of the constants (164):
a0
2
ηαβγ ∧R
βγ + a0Rαβ ∧ ϑ
β
+ q(T )α −Dhα ≡
a0
2
ηαβγ ∧ R˜
βγ , (166)
a0 ηαβγ ∧ T
γ + 2a0 T[α ∧ ϑβ] + 2h[α ∧ ϑβ] ≡ 0. (167)
Both these relations are valid for all configurations of
Poincare´ gauge fields (not only spherically symmetric)
irrespectively of their dynamics.
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As a result, the vacuum PG field equations (3) and (4)
reduce to
a0
2
ηαβγ ∧ R˜
βγ − λ0ηα + ℓ
2
ρ q
(R)
α = 0, (168)
−2ℓ2ρDhαβ = 0. (169)
Recall that the tilde denotes the Riemannian objects. In
view of (165), we have explicitly
hαβ = b2
∗
(
(2)Rαβ −
(3)Rαβ −
1
3
(5)Rαβ
)
+ b2
(
(2)Rαβ +
(3)Rαβ +
1
3
(5)Rαβ
)
. (170)
The subsequent derivations are based on the methods
developed in [74–76]. Let us further specify the general
spherically symmetric ansatz (13), (14)-(16) and consider
the static (no time dependence) configuration
B =
1
A
, C = r, (171)
f = 0, g =
A′
A
, p = − q =
A
2
, (172)
f
A
+
g
B
= 0, p = q = 0. (173)
The prime ′ denotes derivative with respect to the radial
coordinate r. This simplifies the torsion 2-form Tα to
T 0ˆ = T 1ˆ = −A′ ϑ0ˆ ∧ ϑ1ˆ, (174)
T 2ˆ = −
A
2r
k ∧ ϑ2ˆ +
f
A
k ∧ ϑ3ˆ, (175)
T 3ˆ = −
A
2r
k ∧ ϑ3ˆ −
f
A
k ∧ ϑ2ˆ, (176)
where we introduced a null 1-form
k = ϑ0ˆ − ϑ1ˆ. (177)
Accordingly, the torsion 1-forms (38) reduce to
T =
(
A′ +
A
r
)
k, T = −2
f
A
k, (178)
V =
1
3
(
A′ −
A
r
)
k, V =
f
3A
k. (179)
As a result, the torsion invariant (46) vanishes in view of
the null property k ∧ ∗k = 0 of the 1-form (177).
At the same time, the spherically symmetric curvature
2-form (25)-(27) also considerably simplifies because the
coefficients (28)-(33) reduce to
µ = 0, µ = 0, (180)
ν =
1
r2
, ν = − f ′, (181)
UA = 0, U 0ˆ = −U 1ˆ = −
f
2r
k. (182)
Consequently, we have
eA⌋U
A = −
f
r
, ϑA ∧ U
A =
f
r
ϑ0ˆ ∧ ϑ1ˆ. (183)
Inserting (180)-(183) into (50)-(52), we derive explicitly
M =
1
3r2
, K =
1
3r2
, N = −
1
r2
, (184)
Q = 0, L = 0, P = 0, (185)
M = −
f ′
3
−
2f
3r
, K = −
f ′
3
+
f
3r
, N = f, (186)
Q =
f
r
, L = 0, P = 0. (187)
As we see, the torsion and the curvature are determined
by the two unknown functions A = A(r) and f = f(r).
It remains to check whether one can solve the Poincare´
field equations (168) and (169) for some A, f .
The spherically symmetric configuration of the torsion
(174)-(176) and the Riemann-Cartan curvature (184)-
(187) described above has a remarkable property that
the covariant derivative of the 2-form (170) vanishes
Dhαβ = 0, (188)
provided the function f has the form of a “Coulomb po-
tential”
f =
τ0
r
, (189)
with an arbitrary constant τ0. Accordingly, we obtain an
exact vacuum solution of the second field equation (169).
Another remarkable property of hαβ is that the 3-form
(8) reads
q(R)α = −
Q2
r4
[
δ0ˆα η0ˆ + δ
1ˆ
α η1ˆ − δ
2ˆ
α η2ˆ − δ
3ˆ
α η3ˆ
]
, (190)
where the constant
Q2 =
2b2τ
2
0 + b2τ0
3
. (191)
Substituting this into (168), we immediately verify that
the first field equation is solved for
A2 = 1−
2m
r
+
ℓ2ρQ
2
a0r2
−
λ0
3a0
r2. (192)
We thus recover a Reissner-Nordstro¨m-de Sitter solu-
tion where the integration constant m can be interpreted
as the mass of a point-like source. However, unlike in
the genuine Reissner-Nordstro¨m gravitational field, here
the effective “electric charge” of the source is generated
by the geometry of spacetime. Moreover, although we
formally introduced Q2 as a quadratic quantity, it is ob-
vious that (191) is not necessarily positive, with its value
and sign depending on the constants b2, b2 and τ0.
This spherically symmetric vacuum solution of the PG
theory (which extends the Cembranos-Valcarcel results
[77, 78] to a much wider family of Lagrangians) represents
an explicit example of the violation of Birkhoff’s theorem.
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VIII. DISCUSSION AND CONCLUSION
In this paper, we have revisited the Birkhoff theorem
for the Poincare´ gauge gravity theory. In the class of
quadratic PG models with the most general Lagrangian
(1) which includes both the parity-even and parity-odd
terms, we have established the validity of the generalized
Birkhoff theorem for the families of models (SB1)-(SB4)
and (WB1)-(WB7) in the strong SO(3) and the weak
O(3) versions, respectively. In the strong version, the
spherical symmetry is understood as the invariance under
the pure rotations from the proper SO(3) group, while
in the weak version of Birkhoff’s theorem, the spherical
symmetry is understood as invariance under the full ro-
tation groupO(3) which includes spatial reflections along
with the pure rotations.
With an account of a nontrivial cosmological constant,
the Birkhoff theorem in both versions states that the only
locally spherically symmetric solution of the PG field
equations in vacuum (3)-(4) is either the Schwarzschild-
(anti)de Sitter (Kottler) metric or the Nariai (Bertotti-
Kasner) spacetime without torsion. The vanishing of the
torsion is not an additional assumption on top of the
spherical symmetry, but this is a consequence of the field
equations.
It is important to notice that the generalized Birkhoff
theorem is not valid for the most general Lagrangian
(1), which was known already for the parity-even class of
models studied earlier in the literature [34–41]. In order
to demonstrate the violation of the generalized Birkhoff
theorem, in Sec. VII we explicitly construct a spherically
symmetric solution with torsion for the PG model which
does not belong to the families (SB1)-(SB4) and (WB1)-
(WB7).
It is worthwhile to notice that the primary and the
secondary conditions (111) and (138), (139) impose only
mild restrictions of the structure of the PG Lagrangian.
From the technical point of view, these conditions merely
rule out some special values of the cosmological constant,
and when λ0 = 0 these conditions reduce just to the re-
quirement that the Lagrangian should necessarily con-
tain linear curvature terms with nonvanishing a0 and a0.
This explains why the Birkhoff theorem is violated in the
purely quadratic models such as the SKY gravity.
The results obtained contribute to the understanding
of the dynamical structure of the Poincare´ gravity theory.
The analysis of the validity of the generalized Birkhoff
theorem helps to reduce the large number of the cou-
pling constants in the general quadratic Lagrangian (1)
to a set that determines a class of physically viable mod-
els which are consistent with Einstein’s GR at large dis-
tances. Other criteria such as the unitarity and stabil-
ity (absence of ghost and tachyon modes in the particle
spectrum) impose additional restrictions on the coupling
constants [46, 47, 53, 79–88], which should be combined
with our findings.
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Appendix A: Irreducible decompositions
The torsion 2-form can be decomposed into the three
irreducible pieces, Tα = (1)Tα + (2)Tα + (3)Tα:
(1)Tα = Tα − (2)Tα − (3)Tα, (A1)
(2)Tα =
1
3
ϑα ∧ T, (A2)
(3)Tα = −
1
3
∗(ϑα ∧ T ), (A3)
where the 1-forms of the torsion trace and axial trace are
defined as
T = eν⌋T
ν , T = ∗(T ν ∧ ϑν). (A4)
The Riemann-Cartan curvature 2-form is decomposed
Rαβ =
∑6
I=1
(I)Rαβ into the 6 irreducible parts
(2)Rαβ = − ∗(ϑ[α ∧Ψβ]), (A5)
(3)Rαβ = −
1
12
∗(X ϑα ∧ ϑβ), (A6)
(4)Rαβ = −ϑ[α ∧Ψβ], (A7)
(5)Rαβ = −
1
2
ϑ[α ∧ eβ]⌋(ϑγ ∧Xγ), (A8)
(6)Rαβ = −
1
12
X ϑα ∧ ϑβ , (A9)
(1)Rαβ = Rαβ −
6∑
I=2
(I)Rαβ, (A10)
where we denoted
Xα := eβ⌋R
αβ , X := eα⌋X
α, (A11)
Xα := ∗(Rβα ∧ ϑβ), X := eα⌋X
α, (A12)
Ψα := Xα −
1
4
ϑαX −
1
2
eα⌋(ϑ
β ∧Xβ), (A13)
Ψα := Xα −
1
4
ϑαX −
1
2
eα⌋(ϑ
β ∧Xβ). (A14)
[1] J. T. Jebsen, U¨ber die Allgemeinen Kugelsymmetrischen
Lo¨sungen der Einsteinschen Gravitationsgleichungen im
Vakuum, Arkiv fo¨r Matematik, Astronomi och Fysik 15,
15
Nr. 18, 1-9 (1921); J. T. Jebsen, On the general spher-
ically symmetric solutions of Einstein’s gravitational
equations in vacuo. Gen. Relat. Grav. 37, 2253-2259
(2005). https://doi.org/10.1007/s10714-005-0168-y
[2] J. Eiesland, The group of motions of an Einstein
space, Trans. Amer. Math. Soc. 27, 213-245 (1925).
https://doi.org/10.1090/S0002-9947-1925-1501308-7
[3] W. Alexandrow, U¨ber den Kugelsymmetrischen
Vakuumvorgang in der Einsteinschen Gravitation-
stheorie, Ann. Phys. (Leipzig) 72, 141-152 (1923).
https://doi.org/10.1002/andp.19233771804
[4] G. D. Birkhoff, Relativity and Modern
Physics (Harvard University Press: Cam-
bridge, MA, USA, 1923), Chapter XV, p. 255.
https://doi.org/10.4159/harvard.9780674734487
[5] H. Schmidt, The tetralogy of Birkhoff theo-
rems. Gen. Relat. Grav. 45, 395-410 (2013).
https://doi.org/10.1007/s10714-012-1478-5
[6] H. Goenner, Einstein tensor and generalizations of
Birkhoff’s theorem. Commun. Math. Phys. 16, 34-47
(1970). https://doi.org/10.1007/BF01645493
[7] K. Schleich and D. Witt, A simple proof of Birkhoff’s
theorem for cosmological constant. J. Math. Phys. 51,
112502 (2010). http://dx.doi.org/10.1063/1.3503447
[8] W. Rindler, Birkhoff’s theorem with
Λ-term and Bertotti-Kasner space.
Phys. Lett. A 245, 363-365 (1998).
https://doi.org/10.1016/S0375-9601(98)00428-9
[9] F. Kottler, U¨ber die physikalischen Grund-
lagen der Einsteinschen Gravitationstheo-
rie. Ann. Phys. (Berlin) 56, 401-461 (1918).
https://doi.org/10.1002/andp.19183611402
[10] H. Nariai, On some static solutions of Einstein’s
gravitational field equations in a spherically symmet-
ric case. The Science Reports of the Tohoku Uni-
versity, Ser. I, vol. XXXIV, No. 3, 160-167 (1950);
reprinted in: Gen. Relat. Grav. 31, 951-961 (1999).
https://doi.org/10.1023/A:1026698508110
[11] B. Bertotti, Uniform electromagnetic field in the theory
of general relativity. Phys. Rev. 116, 1331-1333 (1959).
https://doi.org/10.1103/PhysRev.116.1331
[12] E. Kasner, An algebraic solution of the Einstein
equations. Trans. Amer. Math. Soc. 27, 101-105 (1925).
https://doi.org/10.1090/S0002-9947-1925-1501301-4
[13] R. J. Riegert, Birkhoff’s Theorem in Conformal
Gravity. Phys. Rev. Lett. 53, 315-318 (1984).
https://doi.org/10.1103/PhysRevLett.53.315
[14] A. Krasin´ski and J. Pleban´ski, n-Dimensional complex
Riemann-Einstein spaces with O(n − 1, C) as the sym-
metry group. Rept. Math. Phys. 17, 217-248 (1980).
https://doi.org/10.1016/0034-4877(80)90064-6
[15] K. A. Bronnikov and V. N. Melnikov, The Birkhoff the-
orem in multidimensional gravity. Gen. Relat. Grav. 27,
465-474 (1995). https://doi.org/10.1007/BF02105073
[16] G. F. R. Ellis and R. Goswami, Variations on Birkhoff’s
theorem. Gen. Relat. Grav. 45, 2123-2142 (2013).
https://doi.org/10.1007/s10714-013-1568-z
[17] V. Faraoni, Jebsen-Birkhoff theorem in alterna-
tive gravity, Phys. Rev. D 81, 044002 (2010).
http://dx.doi.org/10.1103/PhysRevD.81.044002
[18] S. Capozziello and D. Saez-Gomez, Scalar-tensor
representation of f(R) gravity and Birkhoff’s the-
orem. Ann. Phys. (Berlin) 524, 279-285 (2012).
https://doi.org/10.1002/andp.201100244
[19] R. Zegers, Birkhoff’s theorem in Lovelock
gravity. J. Math. Phys. 46, 072502 (2005).
https://doi.org/10.1063/1.1960798
[20] S. Deser and J. Franklin, Birkhoff for Lovelock re-
dux. Class. Quantum Gravity 22, L103-L106 (2005).
https://doi.org/10.1088/0264-9381/22/16/L03
[21] D. L. Wiltshire, Spherically symmetric solu-
tions of Einstein-Maxwell theory with a Gauss-
Bonnet term. Phys. Lett. B 169, 36-40 (1986).
https://doi.org/10.1016/0370-2693(86)90681-7
[22] D. O. Deveciog˘lu and M.-I. Park, Birkhoff’s theorem
in Horˇava gravity. Phys. Rev. D 99, 104068 (2019).
https://doi.org/10.1103/PhysRevD.99.104068
[23] X.-H. Meng and Y.-B. Wang, Birkhoff’s theorem
in f(T ) gravity. Eur. Phys. J. C 71, 1755 (2011).
https://doi.org/10.1140/epjc/s10052-011-1755-6
[24] F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M.
Nester, General relativity with spin and torsion: founda-
tion and prospects. Rev. Mod. Phys. 48, 393-416 (1976).
https://doi.org/10.1103/RevModPhys.48.393
[25] D. Ivanenko and G. Sardanashvily, The gauge treat-
ment of gravity. Phys. Repts. 94, 1-45 (1983).
https://doi.org/10.1016/0370-1573(83)90046-7
[26] M. Blagojevic´, Gravitation and gauge symmetries (Insti-
tute of Physics, Bristol, 2002).
[27] A. Trautman, The Einstein-Cartan theory. in: Encyclo-
pedia of Mathematical Physics, Eds. J. P. Franc¸oise, G. L.
Naber, S. T. Tsou (Elsevier, Oxford) 2, 189-195 (2006).
https://arxiv.org/abs/gr-qc/0606062
[28] Yu. N. Obukhov, Poincare´ gauge gravity: selected top-
ics. Int. J. Geom. Meth. Mod. Phys. 3, 95-137 (2006).
https://doi.org/10.1142/S021988780600103X
[29] Yu. N. Obukhov, Poincare´ gauge gravity: An overview.
Int. J. Geom. Meth. Mod. Phys. 15, 1840005 (2018).
https://doi.org/10.1142/S0219887818400054
[30] F. W. Hehl and Yu. N. Obukhov, Conservation of energy-
momentum of matter as the basis for the gauge the-
ory of gravitation. In: “One Hundred Years of Gauge
Theory: Past, Present and Future Perspectives”, Fun-
damental Theories of Physics, vol. 199. Eds. S. De
Bianchi and C. Kiefer (Springer, Cham, 2020), in press.
https://www.springer.com/gp/book/9783030511968
[31] F. W. Hehl, J. D. McCrea, E. W. Mielke, and Y.
Ne’eman, Metric-affine gauge theory of gravity: field
equations, Noether identities, world spinors, and break-
ing of dilation invariance. Phys. Repts. 258, 1-177 (1995).
https://doi.org/10.1016/0370-1573(94)00111-F
[32] M. Blagojevic´ and F. W. Hehl, Eds. Gauge Theories of
Gravitation. A Reader with Commentaries (Imperial Col-
lege Press, London, 2013).
[33] V. N. Ponomarev, A. O. Barvinsky, and Yu. N. Obukhov,
Gauge Approach and Quantization Methods in Gravity
Theory (Nauka, Moscow, Russia, 2017).
[34] S. Ramaswamy and P. Yasskin, Birkhoff the-
orem for an R + R2 theory of gravity with
torsion. Phys. Rev. D 19, 2264-2267 (1979).
https://doi.org/10.1103/PhysRevD.19.2264
[35] R. T. Rauch, S. J. Shaw, and H. T. Nieh, Birkhoff’s
theorem for ghost-free tachyon-free R + R2 + Q2 theo-
ries with torsion. Gen. Relat. Grav. 14, 331-354 (1982).
https://doi.org/10.1007/BF00756268
[36] R. Rauch and H. T. Nieh, Birkhoff’s theorem
for general Riemann-Cartan R + R2 theories
of gravity. Phys. Rev. D 24, 2029-2048 (1981).
16
https://doi.org/10.1103/PhysRevD.24.2029
[37] R. T. Rauch, Asymptotic flatness, reflection symme-
try, and Birkhoff’s theorem for R + R2 actions contain-
ing quadratic torsion. Phys. Rev. D 25, 577-580 (1982).
https://doi.org/10.1103/PhysRevD.25.577
[38] D. E. Neville, Gravity Lagrangian with ghost-free
curvature-squared terms. Phys. Rev. D 18, 3535-3543
(1978). https://doi.org/10.1103/PhysRevD.18.3535
[39] D. E. Neville, Birkhoff theorems for R+R2 gravity the-
ories with torsion. Phys. Rev. D 21, 2770-2775 (1980).
https://doi.org/10.1103/PhysRevD.21.2770
[40] A. de la Cruz-Dombriz and F. J. M. Torralba, Birkhoff’s
theorem for stable torsion theories. JCAP 03, 002 (2019).
https://doi.org/10.1088/1475-7516/2019/03/002
[41] Yu. N. Obukhov, V. N. Ponomariev, and V. V.
Zhytnikov, Quadratic Poincare´ gauge theory of
gravity: a comparison with the general relativity
theory. Gen. Relat. Grav. 21, 1107-1142 (1989).
https://doi.org/10.1007/BF00763457
[42] F.-H. Ho and J. M. Nester, Poincare´ gauge theory with
coupled even and odd parity spin-0 modes: Cosmological
normal modes. Ann. Phys. (Berlin) 524, 97–106 (2012).
https://doi.org/10.1002/andp.201100101
[43] D. Diakonov, A. G. Tumanov, and A. A. Vladimirov,
Low-energy general relativity with torsion: A systematic
derivative expansion. Phys. Rev. D 84, 124042 (2011).
https://doi.org/10.1103/PhysRevD.84.124042
[44] P. Baekler and F. W. Hehl, Beyond Einstein-Cartan
gravity: Quadratic torsion and curvature invariants
with even and odd parity including all boundary
terms. Class. Quantum Grav. 28, 215017 (2011).
https://doi.org/10.1088/0264-9381/28/21/215017
[45] P. Baekler, F. W. Hehl, and J. M. Nester,
Poincare´ gauge theory of gravity: Friedman cos-
mology with even and odd parity modes: An-
alytic part. Phys. Rev. D 83, 024001 (2011).
https://doi.org/10.1103/PhysRevD.83.024001
[46] G. K. Karananas, The particle spectrum of
parity-violating Poincare´ gravitational the-
ory. Class. Quantum Grav. 32, 055012
(2015); Corrigendum: ibid. 32, 089501 (2015).
https://doi.org/10.1088/0264-9381/32/5/055012
[47] M. Blagojevic´ and B. Cvetkovic´, General Poincare´
gauge theory: Hamiltonian structure and parti-
cle spectrum. Phys. Rev. D 98, 024014 (2018).
https://doi.org/10.1103/PhysRevD.98.024014
[48] I. B. Khriplovich and S. K. Lamoreaux, CP Violation
Without Strangeness: Electric Dipole Moments of Parti-
cles, Atoms, and Molecules (Springer: Berlin, 1997).
[49] F. Rathmann and N.N. Nikolaev, Electric dipole moment
searches using storage rings. Proc. Sci. (PoS) 346, 004
(2018). https://doi.org/10.22323/1.346.0004
[50] J. Leitner and S. Okubo, Parity, charge conju-
gation, and time reversal in the gravitational in-
teraction. Phys. Rev. 136, B1542–B1546 (1964).
https://doi.org/10.1103/PhysRev.136.B1542
[51] N.D. Hari Dass, Experimental test for
some quantum effects in gravitation.
Ann. Phys. (USA) 107, 337–359 (1977).
https://doi.org/10.1016/0003-4916(77)90215-9
[52] R. Hojman, C. Mukku, and W. A. Sayed, Par-
ity violation in metric-torsion theories of grav-
itation. Phys. Rev. D 22, 1915–1921 (1980).
https://doi.org/10.1103/PhysRevD.22.1915
[53] F. Mu¨ller-Hoissen and J. Nitsch, Teleparallelism – a vi-
able theory of gravity? Phys. Rev. D 28, 718-728 (1983).
https://doi.org/10.1103/PhysRevD.28.718
[54] S. Holst, Barbero’s Hamiltonian derived from a general-
ized Hilbert-Palatini action. Phys. Rev. D 53, 5966–5969
(1996). https://doi.org/10.1103/PhysRevD.53.5966
[55] C. Kiefer, Quantum Gravity, 3rd ed. (Oxford University
Press: Oxford, UK, 2012).
[56] A. D. Sakharov, Violation of CP invariance, C
asymmetry, and baryon asymmetry of the uni-
verse. JETP Lett. 5, 24-27 (1967); Reprinted
in: Sov. Phys. Usp. 34, 392-383 (1991).
https://doi.org/10.1070/PU1991v034n05ABEH002497
[57] A. Randono, Gravity from a fermionic condensate of a
gauge theory. Class. Quantum Grav. 27, 215019 (2010).
https://doi.org/10.1088/0264-9381/27/21/215019
[58] N. Pop lawski, Matter-antimatter asymmetry and dark
matter from torsion. Phys. Rev. D 83, 084033 (2011).
https://doi.org/10.1103/PhysRevD.83.084033
[59] J. D. Bjorken, Emergent photons and gravitons: The
problem of vacuum structure. In: CPT and Lorentz
Symmetry, Proceedings of the Fifth Meeting, Bloom-
ington, IN, USA, 28 June–2 July 2010; Ed. V. A.
Kostelecky´ (World Scientific: Singapore, 2010) pp. 1–5.
https://doi.org/10.1142/9789814327688_0001
[60] A.V. Minkevich and Yu. G. Vasilevski, Spherically-
symmetric gravitational fields in the metric-affine
gauge theory of gravitation, arXiv:gr-qc/0301098 (2003).
https://arxiv.org/abs/gr-qc/0301098
[61] S. Sur and A. S. Bhatia, Constraining tor-
sion in maximally symmetric (sub)spaces.
Class. Quantum Grav. 31, 025020 (2014).
http://dx.doi.org/10.1088/0264-9381/31/2/025020
[62] M. Hohmann, Spacetime and observer space symmetries
in the language of Cartan geometry. J. Math. Phys. 57,
082502 (2016). http://dx.doi.org/10.1063/1.4961152
[63] M. Hohmann, Metric-affine geometries with
spherical symmetry. Symmetry 12, 453 (2020).
http://dx.doi.org/10.3390/sym12030453
[64] A. Z. Petrov, Einstein Spaces (Pergamon: Oxford, 1969).
[65] E. E. Fairchild, Jr., Gauge theory of grav-
itation. Phys. Rev. D 14, 384-391 (1976).
https://doi.org/10.1103/PhysRevD.14.384
[66] G. Debney, E. E. Fairchild, Jr., and S. T. C. Siklos,
Equivalence of vacuum Yang-Mills gravitation and vac-
uum Einstein gravitation. Gen. Relat. Grav. 9, 879-887
(1978). https://doi.org/10.1007/BF00759647
[67] G. Stephenson, Quadratic Lagrangians and gen-
eral relativity. Nuovo Cim. 9, 263-269 (1958).
https://doi.org/10.1007/BF02724929
[68] C. W. Kilmister, and D. J. Newman, The
use of algebraic structures in physics. Math.
Proc. Cambr. Phil. Soc. 57, 851-864 (1961).
https://doi.org/10.1017/S0305004100036008
[69] C. N. Yang, Integral formalism for gauge
fields. Phys. Rev. Lett. 33, 445-447 (1974).
https://doi.org/10.1103/PhysRevLett.33.445
[70] W.-T. Ni, Yang’s gravitational field equa-
tions. Phys. Rev. Lett. 35, 319-320 (1975).
https://doi.org/10.1103/PhysRevLett.35.319
[71] R. Pavelle, Unphysical characteristics of Yang’s pure-
space equations. Phys. Rev. Lett. 37, 961-964 (1976).
https://doi.org/10.1103/PhysRevLett.34.1114
[72] A. H. Thompson, Yang’s gravitational field equa-
17
tions. Phys. Rev. Lett. 34, 507-508 (1975).
https://doi.org/10.1103/PhysRevLett.34.507
[73] A. H. Thompson, Geometrically degener-
ate solutions of the Kilmister-Yang equa-
tions. Phys. Rev. Lett. 35, 320-322 (1975).
https://doi.org/10.1103/PhysRevLett.35.320
[74] Yu. N. Obukhov, Gravitational waves in Poincare´
gauge gravity theory. Phys. Rev. D 95, 084028 (2017).
https://doi.org/10.1103/PhysRevD.95.084028
[75] M. Blagojevic´, B. Cvetkovic´, and Yu. N. Obukhov,
Generalized plane waves in Poincare´ gauge the-
ory of gravity. Phys. Rev. D 96, 064031 (2017).
https://doi.org/10.1103/PhysRevD.96.064031
[76] Yu. N. Obukhov, Exact solutions in Poincare´
gauge gravity theory. Universe 5(5), 127 (2019).
https://doi.org/10.3390/universe5050127
[77] J. A. R. Cembranos and J. G. Valcar-
cel, New torsion black hole solutions in
Poincare´ gauge theory. JCAP 01, 014 (2017).
http://dx.doi.org/10.1088/1475-7516/2017/01/014
[78] J. A. R. Cembranos and J. G. Valcarcel, Ex-
tended Reissner-Nordstro¨m solutions sourced by dy-
namical torsion. Phys. Lett. B 779, 143-150 (2018).
https://doi.org/10.1016/j.physletb.2018.01.081
[79] K. Hayashi and T. Shirafuji, Gravity from Poincare´ gauge
theory of fundamental particles, IV. Mass and energy
of particle spectrum. Progr. Theor. Phys. 64, 2222-2241
(1980). https://doi.org/10.1143/PTP.64.2222
[80] E. Sezgin and P. van Nieuwenhuizen, New
ghost-free gravity Lagrangians with propagat-
ing torsion. Phys. Rev. D 21, 3269-3280 (1980).
https://doi.org/10.1103/PhysRevD.21.3269
[81] E. Sezgin, Class of ghost-free gravity La-
grangians with massive or massless propagat-
ing torsion. Phys. Rev. D 24, 1677-1680 (1981).
https://doi.org/10.1103/PhysRevD.24.1677
[82] D. E. Neville, Gravity theories with propagat-
ing torsion. Phys. Rev. D 21, 867-873 (1980).
https://doi.org/10.1103/PhysRevD.21.867
[83] D. E. Neville, Spin-2 propagating tor-
sion. Phys. Rev. D 23, 1244-1249 (1981).
https://doi.org/10.1103/PhysRevD.23.1244
[84] A. A. Tseytlin, Poincare´ and de Sitter gauge
theories of gravity with propagating tor-
sion. Phys. Rev. D 26, 3327-3341 (1982).
https://doi.org/10.1103/PhysRevD.26.3327
[85] R. Kuhfuss and J. Nitsch, Propagating modes in gauge
field theories of gravity. Gen. Relat. Grav. 18, 1207-1227
(1986). https://doi.org/10.1007/BF00763447
[86] P. Baikov, M. Hayashi, N. Nelipa, and S. Ostapchenko,
Ghost- and tachyon-free gauge-invariant, Poincare´, affine
and projective Lagrangians. Gen. Relat. Grav. 24, 867-
880 (1992). https://doi.org/10.1007/BF00759092
[87] T. B. Vasilev, J. A. R. Cembranos, J. G. Val-
carcel and P. Mart´ın-Moruno, Stability in quadratic
torsion theories. Eur. Phys. J. C 77, 755 (2017).
https://doi.org/10.1140/epjc/s10052-017-5331-6
[88] J. B. Jime´nez and F. J. M. Torralba, Re-
visiting the stability of quadratic Poincare´
gauge gravity. Eur. Phys. J. C 80, 611 (2020).
https://doi.org/10.1140/epjc/s10052-020-8163-8
